A Class of Representations over the Virasoro Algebra  by Zhang, Hechun
 .JOURNAL OF ALGEBRA 190, 1]10 1997
ARTICLE NO. JA966565
A Class of Representations over the Virasoro Algebra
Hechun Zhang*
Mathematics Institute, Uni¨ ersity of Copenhagen, Uni¨ ersitetsparken 5,
DK-2100 Copenhagen, Denmark
Communicated by Walter Feit
Received February 14, 1994
w  . xIn Martin and Piard Comm. Math. Phys. 137 1991 , 109]132 and Mathieu
w  . xIn¨ent. Math. 108 1992 , 455]519 , the indecomposable and irreducible Harish-
Chandra modules over the Virasoro algebra are studied and classified. In this
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1. INTRODUCTION
The Virasoro algebra is an infinite dimensional Lie algebra over the
 < 4complex numbers C, with basis d , c n g Z and defining relationsn
m3 y m
w xd , d s n y m d q d c, m , n g Z, .m n mqn m , yn 12
w xc, d s 0, m g Z.m
We use Vir to denote the Virasoro algebra, which is a one-dimensional
central extension of the so-called infinite dimensional Witt algebra. The
element d is called the energy operator.0
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w xIn 2 , Kac and Raina defined a class of representations V with twoa , b
complex parameters a and b. The action of Vir is given by
d ? ¨ s k q a q b q nb ¨ , .n k kqn
c ? ¨ s 0, j, k g Z,k
 < 4where ¨ k g Z is a basis of V .k a , b
It is easy to see that V ( V , m g Z. The following result isa , b aqm , b
w xtaken from 2 :
 .  .THEOREM 1. V is reducible if and only if i a g Z, b s 0 or iia , b
a g Z, b s 1.
If a g Z and b s 0, then V ( V and V rc¨ is irreducible. Ifa , b 0, 0 0, 0 0
a g Z and b s 1, then V ( V and V has an irreducible submodulea , b 0, 1 0, 1
V X s C¨ .0, 1 i
i/y1
Let V X s V if V is irreducible and let V X s V rC¨ , V Xa , b a , b a , b 0, 0 0, 0 0 0, 1
 X <be defined as above. Then we get a class of irreducible modules Va , b
4a , b g C , which is called the indeterminate series or principal series.
The Virasoro algebra has a triangular decomposition Vir s N [q
Cd [ Cc [ N , where N s  Cd and N s  Cd . The0 y q n) 0 n y n) 0 yn
Cartan involution u of Vir is defined by
u d s d , u c s c, n g Z. .  .n yn
 .Let M c, h be the Verma module over the Virasoro algebra with
 .  .highest weight c, h , and let V c, h be the unique irreducible quotient of
 .M c, h .
In this paper we study the tensor products of highest weight modules
with the principal series of the Virasoro algebra.
The main results of this paper are the following:
 .  X .1 End V m V ( C, where a , b g C and V is a highest weightVir a , b
module. Therefore, V X m V is indecomposable.a , b
 . X  .2 V m M c, h is reducible for any a , b , c, h g C.a , b
 . X  .3 If a f b Z q Z, then V m V c, h is irreducible if and only ifa , b
X  .V m V c, h is cyclic on every ¨ m ¨ , where ¨ is the highest weighta , b m
 .vector of V c, h .
 .  .  .4 If V c, h is degenerate, i.e, M c, h is reducible, and if a is
 .  .transcendental over Q c, h, b or a is algebraic over Q c, h, b with
X  .sufficiently large degree, then V m V c, h is irreducible.a , b
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2. INDECOMPOSABLE OBJECTS
Let V be a highest weight module over the Virasoro algebra with
 . Xhighest weight c, h . Since V and V are d -diagonalizable, so isa , b 0
V X m V, anda , b
V X m V s V X m V , .[a , b a , b mqhyayb
mgZ
where
V X m V s C¨ m V . . [a , b nym nqhmqhyayb
ngZ
 X .Remark. If V is nontrivial, V m V is infinite dimensionala , b mqhyayb
for all m g Z.
LEMMA 1. V X m V is generated bya , b
¨ m ¨ m g Z , 4m
where ¨ is the highest weight ¨ector of V.
X  <Proof. Note that V m V is spanned by ¨ m u¨ m g Z, u ga , b m
 .4u N , so the lemma follows.y
The following theorem shows that V X m V is an indecomposablea , b
module.
THEOREM 2. Let V be any highest weight module o¨er the Virasoro
algebra. Then
End V X m V ( C. .Vir a , b
 .Proof. Let c, h be the highest weight of V, and let ¨ be the highest
 X .  .weight vector of V. For any c g End V m V , c ¨ m ¨ and ¨ m ¨Vir a , b m m
are of the same degree, so
c ¨ m ¨ s ¨ m x q ¨ m x q ??? q¨ m x , .m m 0 mq1 1 mqn n
where x g V , i s 0, 1, . . . , n, x / 0.i hqi n
 .We claim that n s 0, so c ¨ m ¨ is a multiple of ¨ m ¨ .m m
 . 21 If b / y1, we claim that for sufficiently large l g N, d ¨ / 0l m
In fact, if d2 ¨ s 0,thenl m




b b q 1 s m q a q b s m q a q b 2b q 1 s 0, .  .  .  .
so b s 0 and a s m g Z. By Theorem 1 we can assume that a s 0, so
m s 0, ¨ g V X , which contradicts the definition of V X . Hence d2 ¨ / 0,0 0, 0 0, 0 l m
for sufficiently large l.
Let
m q a q b q 2 lb
2w s d q d .2 l lm q a q b q lb m q l q a q b q lb .  .
 .  .Then w¨ s 0, and w ¨ m ¨ s 0, so wc ¨ m ¨ s 0. Since d x sm m m l i
d x s 0, for i s 0, 1, . . . , n, l sufficiently large, it follows that2 l i
w¨ m x s 0.nqm n
Therefore
m q n q a q b q 2 lb .
= m q a q b q 2 lb m q n q a q b q lb .  .
m q n q l q a q b q lb .
s 0,
m q a q b q lb m q l q a q b q lb .  .
for sufficiently large l g N. Hence
m q a q b m q a q b q n n s 0, 1 .  .  .
m q a q b 2b q 1 q m q a q b q n b q 1 .  .  .  .
2 .
s m q a q b q n 2b q 1 q m q a q b b q 1 , .  .  .  .
2b m q a q b q 2b b q 1 m q a q b q n .  .  .
q m q a q b b q 1 b .  .
s 2b 2 m q a q b q n q 2b b q 1 m q a q b .  .  .
q m q a q b q n b q 1 b . 3 .  .  .
Solving these equations, we get b s 0 or n s 0. If n / 0, then b s 0
and m q a s 0 or m q a q n s 0. In any case, a is an integer, so we can
assume that a s 0. Therefore, ¨ g V X , which is a contradiction.0 0, 0
 .2 If b s y1. Let
m q a y 1 y 3l
w9 s d q d d ,3 l 2 l l2m q a y 1 y l .
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 .for sufficiently large l g N. Then we have w¨ s 0, so w9 ¨ m ¨ s 0m m
 .and wc ¨ m ¨ s 0. Since d x s d x s d x s 0 for sufficiently largem l i 2 l i 3 l i
l g N, we get
w9¨ m x s 0.mq n n
Hence
2m q n q a y 1 y 3l m q a y 1 y l .  .
2s m q a y 1 y 3l m q n q a y 1 y l , .  .
for all sufficiently large l g N. Therefore
n m q n q a y 1 y l s 0, .
so n s 0.
Now, we know that for any m g Z, there exists a c g C such thatm
c ¨ m ¨ s c ¨ m ¨ . .  .m m m
For n g Z if d ¨ s 0 for any sufficiently large l g N, then m q a ql n
b q lb s 0, which implies b s 0 and a s ym. By Theorem 1, we can
assume that a s m s 0. But ¨ f V X , which is a contradiction. We now0 0, 0
choose a sufficiently large l g N such that
d ¨ m ¨ / 0, d ¨ m ¨ / 0. .  .l m lqmyn n
By
d c ¨ m ¨ s yc m q a q b q lb ¨ m ¨ .  .  .l m m mq1
s yc m q a q b q lb ¨ m ¨ , .  .mq l mql
 .we get c s c . Similarly, we get c s c . Therefore, c ¨ m ¨ sm mql n mql m
 .c ¨ m ¨ , where c is a constant. By Lemma 1, c is a scalar. Therefore,m
End V X m V ( C. .Vir a , b
This completes the proof.
X  .The following theorem shows that V m M c, h is always reducible,a , b
 .even if M c, h is irreducible.
X  .THEOREM 3. V m M c, h is reducible for all a , b , c, h g C.a , b
Proof. It is sufficient to prove that every ¨ m ¨ generates a properr
X  .submodule of V m M c, h , where ¨ is the highest weight vector ofa , b
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 . X  .M c, h . Assume that V m M c, h is cyclic on ¨ m ¨ , i.e.,a , b r
V X m M c, h s u Vir ¨ m ¨ s u N u N ¨ m ¨ . .  .  .  .  .  .a , b r y q r
 .  .Hence, there exists a w g u N u N such thaty q
¨ m ¨ s w ¨ m ¨ . .ry1 r
k n k1  .Let w s  d ??? d x , where k g Z , x g u N is ak , . . . , k yn y1 k . . . k i q k ??? k q1 n 1 n 1 n
homogeneous element. Clearly, we can assume that x ¨ / 0. Letk ??? k r1 n
dk n ??? dk1 x be a term in the expression of w such that  ik isyn y1 k ??? k i i1 n
maximal. Then we have
x ¨ m dk n ??? dk1 ¨ s 0.k ??? k r yn y11 n
 .  .Since M c, h is a free u N -module, it follows thaty
x ¨ s 0,k ??? k r1 n
which is a contradiction. This completes the proof.
3. IRREDUCIBLE OBJECTS
X  .One may ask when V m V c, h is irreducible. By Theorem 3, wea , b
X  .know that a necessary condition for V m V c, h to be irreducible is thata , b
 . w x  .M c, h is reducible. By the result of Feigin and Fuchs 1 , if M c, h is
reducible, there exists an integer m and a polynomial
P s p d ??? d , p g Q c, h , p s 1, . j ??? j yj yj j ??? j 1, . . . , 11 s 1 s 1 s
s : j q ??? qj sm1 2
1Fj F ??? Fj1 s
 .such that P ? ¨ s 0, where ¨ is the highest weight vector of V c, h and
 .Q c, h is the extension field of Q generated by c, h. The minimal m that
 .satisfies the above conditions is called the degree of M c, h .
X  .THEOREM 4. If a f b Z q Z, then V m V c, h is irreducible if anda , b
X  .only if V m V c, h is cyclic on e¨ery ¨ m ¨ , m g Z, where ¨ is the highesta , b m
 .weight ¨ector of V c, h .
Proof. The only if part is trivial.
X  .Now we assume that V mV c, h is cyclic on every ¨ m ¨ , m g Z.a , b m
X  .For any nonzero submodule U of V m V c, h , we choose a nonzeroa , b
weight vector x g U. Assume that
x s ¨ m x q ¨ m x q ??? q¨ m x ,my n 0 mynq1 1 m n
where
x g V c, h , j s 0, 1, . . . , n , x / 0. . hq jj n
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Now we use induction on n to prove that there exists a k g Z such that
¨ m ¨ g V.k
If n s 0, then x s ¨ m x is a nonzero multiple of ¨ m ¨ , so ¨ mm 0 m m
 .¨ g V. Now we can assume that n ) 0. Since V c, h is irreducible, there
exists a d , 0 - i F n, such that d x / 0. If b / 0, we seti i n
m q a q b q lb
w s d q d d .1 1yi iw xm q a q b q ib m q i q a q b q l y i b .
It is easy to see that wr s 0. Choose l ) n q i. Then d x s d x s 0,m l j lyi j
for all j s 0, 1, . . . , n.
If wx / 0, then wx is a weight vector of the form
wx s ¨ m y q ¨ m y q ??? q¨ m y ,sy t 0 sytq1 1 s t
 .where y g V c, h , j s 0, 1, . . . , t, and t - n. So, there exists a ¨ mj hqj r
¨ g V, for some r g Z.
Now our task is to find an l g Z, l ) n q i, such that wx / 0. By direct
calculation, we get
wx s d ¨ m x l mqjyn j
j
m q a q b q lb
q w xm q a q b q ib m q i q a q b q l y i b .
= d d ¨ m x q d m d x . . ly i i mqjyn j lyi L¨ mq jyn i j
j
 .It is easy to see that the component of wx in C¨ m V c, h ismq lyi hqnyi
X i s d ¨ m xl l myi nyi
m q a q b q lb
q d d ¨ m xly i i myi nyiw xm q a q b q ib m q i q a q b q l y i b .
m q a q lb
q d ¨ m d x .ly i m i mw xm q a q b q ib m q i q a q b q l y i b .
Clearly, if x , d x are linearly independent or x s 0, then X i / 0,ny i i n nyi l
so wx / 0.
Suppose that x , d x are linearly dependent and x / 0. In thisny i i n nyi
case, there exists a k g C* such that kx s d x .ny i i n
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If x i s 0, for all sufficiently large l, thenl
m y i q a q b q lb m q a q b q ib m q i q a q b q l y i b .  .  .
q k m q a q b q lb m q a q b q l y i b .  .
y m q a q b q lb m y i q a q b q ib .  .
m q a q b q l y i b s 0. ) .  .
 . y1 .So ) holds for any complex number l g C. Let l s yb m q a q b ,
then we obtain
i2 m q a q b q ib 1 y b s 0. .  .
 .Since i / 0, m q a q b q ib / 0, we get b s 1. Now, ) becomes
k y i l 2 q k y i 2m9 y i l q k y m9 m9 y i m9 s 0, .  .  .  .  .
where m9 s m q a q b s m q a q 1. Hence
k s i s m9 s m q a q 1,
which is contrary to our assumption. So we can find an l g N such that
x i / 0, wx / 0.l
If b s 0, we set
1
w9 s d y d d d .2 l l lyi im q i q a m q l q a .  .
Then w9¨ s 0, for all l g N. If l is sufficiently large, the component ofm
 .w9x in C¨ m V c, h ismq 2 lyi hqnyi
1
w9¨ m x y d d ¨ m d x .my i nyi l lyi m i nm q i q a m q l q a .  .
By the same argument as above, we can assume that d x s k9x , fori n nyi
some k9 g C*, x / 0.ny i
If w9x s 0, for all sufficiently large l, then we get
m y ia m q a m q a m q l y i q a .  .  .  .
y k9 y m q i y a s 0.
m q i q a m q i q a m q l q a .  .  .
Hence
m y i q a m q a m q l q a y k9 m q a m q l y i q a .  .  .  .  .
y m q i q a m y i q a m q l q a s 0, )) .  .  .  .
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 .for all sufficiently large l g N. Therefore )) holds for all complex
 .numbers l g C. Let l s ym y a . Then ki m q a s 0. Hence ki s 0,
which is a contradiction. So, in any case, we can find an l g N such that
wx / 0 or w9x / 0. Therefore, there exists an r g Z such that ¨ m ¨ g V.r
By the assumption in the statement, we get
U s V X m V c, h . .a , b
 .Hence, V 9 m V c, h is irreducible. This completes the proof.a , b
X  .COROLLARY. If a f b Z q Z, then V m V c, 0 is irreducible.a , b
 .Proof. Let ¨ be the highest weight vector of V c, 0 . Then d ¨ s 0.y1
Hence, for arbitrary n g Z, we have
d ¨ m ¨ s n q 1 q a ¨ m ¨ . .  .  .y1 nq1 n
Note that n q 1 q a / 0. Hence
U Vir ¨ m ¨ = U Vir ¨ m ¨ . .  .  .  .nq1 n
 .  . .By d ¨ m ¨ s y n q a q 2b ¨ m ¨ , we get1 n nq1
U Vir ¨ m ¨ : U Vir ¨ m ¨ . .  .  .  .nq1 n
Hence
U Vir ¨ m ¨ s U Vir ¨ m ¨ .  .  .  .nq1 n
for any n g Z. Therefore,
U Vir ¨ m ¨ s U Vir ¨ m ¨ , .  .  .  .m n
X  .for any m, n g Z. By Lemma 1, we know that V m V c, 0 is cyclic ona , b
X  .every ¨ m ¨. Hence, V m V c, 0 is irreducible, by Theorem 4.n a , b
 .  .For any n g Z, ¨ m p, ¨ s 0. Hence, there exist A n, m g U N ,nqm i y
i s 0, . . . , m, such that
m
A n , m ¨ m ¨ s 0, .  . i nq1
is0
where
A n , m s p n q m q a q b y j, b .  .0 j , . . . , js
= n q m y j q a q b y j b .1 2
= ??? n q m y j y j y ??? yj q a q b y j b . .1 2 sy1 s
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 .THEOREM 5. If M c, h is reducible with degree m, a is transcendental
 .  .o¨er Q c, h, b or a is algebraic o¨er Q c, h, b with degree greater than m,
X  .then V m V c, h is irreducible.a , b
 .Proof. Since p s 1, so A n, m is a polynomial in a over1, . . . , 1 0
 .  .Q c, H, b with degree m. By our assumption, we know that A n, m / 0,0
for all n g Z. Therefore, ¨ m ¨ can be generated by ¨ m ¨ , ¨ m ¨ ,n nq1 nq2
. . . ,¨ m ¨ .nqm
Since
1
¨ m ¨ s y d ¨ m ¨ , .nq i iy1 nqin q i q a q ib
we know that ¨ m ¨ can be generated by ¨ m ¨ . Therefore,n nq1
 . .  . .  . .  .U Vir ¨ m ¨ : U Vir ¨ m ¨ . Clearly, U Vir ¨ m ¨ : U Virn nq1 nq1
 .¨ m ¨ . Son
U Vir ¨ m ¨ s U Vir ¨ m u .  .  .  .n nq1
for all n g Z. Furthermore,
U Vir V m ¨ s U Vir ¨ m ¨ , .  .  .  .m n
X  .for all m, n g Z. By Lemma 1, V m V c, h is cyclic on every ¨ m ¨ ,a , b n
X  .n g Z. Hence V m V c, h is irreducible, by Theorem 4. This completesa , b
the proof.
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